We study an effective theory of QCD at high density in detail, including the finite temperature effects and the leading order correction in 1/µ expansion. We investigate the Cooper pair gap equation and find that the color-flavor locking phase is energetically preferred at high density. We also calculate in the ladder approximation the critical density and the critical temperature for color-superconducting phase in dense quark matter. The quark-neutrino four-Fermi coupling and the quark-axion coupling are found to receive significant corrections in dense quark matter.
I. INTRODUCTION

II. HIGH DENSITY EFFECTIVE THEORY
The idea of effective field theory is quite simple and its construction can be performed in a systematic way. First, one identifies or guesses the right degrees of freedom to describe the low energy processes. Then, one integrates out the irrelevant degrees of freedom, which results in nonlocal interactions. By expanding the nonlocal interactions in powers of momentum at low energy, one derives a (Wilsonian) effective Lagrangian, which is usually done in practice by matching all the one light-particle irreducible amplitudes in the full theory with those amplitudes in the effective theory in loop expansion. Since the higher dimensional operators have smaller effects at low energy, the effective theories provide a very useful approach to describe low energy physics.
A system of degenerate quarks with a fixed baryon number is described by the QCD Lagrangian density with a chemical potential µ,
where the covariant derivative D µ = ∂ µ + ig s A a µ T a and we neglect the mass of quarks for simplicity. The chemical potential is introduced as a Lagrangian multiplier to constrain the system to have a fixed baryon number, N B . At zero temperature, all the states up to the Fermi surface are filled;
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where V is the volume, N f the number of quark flavors, and p F is the Fermi momentum. The chemical potential µ, which defines the energy at the Fermi surface, provides another scale for QCD. Here we consider a super-dense quark matter where quarks are very dense so that the average inter-quark distance is much smaller than the characteristic length of QCD, 1/µ ≪ 1/Λ QCD . For high chemical potential, the pair creation of a particle and an anti-particle is suppressed at low energy because of the energy gap µ, provided by the Fermi sea. Therefore, the relevant degrees of freedom at low energy will be just particles and holes, excited near the Fermi surface, together with gluons. We will derive a low energy effective Lagrangian for cold and dense quark matter by integrating out the high frequency or irrelevant modes,á la Wilson, as we run QCD from high energy E > µ to low energy E ∼ Λ QCD . Since QCD is asymptotically free, quarks will interact weakly at energy E > µ (≫ Λ QCD ) and their spectrum will be approximately given by the free Hamiltonian:
where α = γ 0 γ and ψ ± denote the energy eigenfunctions with eigenvalues E ± = −µ ± | p|, satisfying α · pψ ± = ± | p| ψ ± , respectively. At low energy E < µ, the states ψ + near the Fermi surface, | p| ∼ µ, are easily excited, while ψ − , which correspond to the states in the Dirac sea, are completely decoupled due to the presence of the energy gap µ provided by the Fermi sea. Therefore the right degrees of freedom below µ consist of gluons and ψ + only. If µ = 0, integrating out the high frequency modes in QCD just renormalizes the coupling constants without generating any new interactions as it should be for a renormalizable theory like QCD. However, when µ = 0, the energy spectra of particles and anti-particles are asymmetric. Anti-particles (ψ − ), which correspond to the absence of states (ψ − ) in the Dirac sea, have energy larger than µ and will be decoupled at energy scale lower than µ. Therefore, the minial quark-gluon coupling that connects ψ − withψ + (or vice versa), has to be removed at low energy, generating a new interaction among ψ + . We will see later that integrating out the modes whose frequency is higher than µ results in an effective Lagrangian which is drastically different from QCD.
We now integrate out the antiparticles (ψ − ) or the states (ψ − ) in the Dirac sea to derive the low energy effective Lagrangian. We first decompose the quark momentum into the Fermi momentum and a residual momentum as
where the residual momentum |l µ | < µ and v µ = (0, v F ) with Fermi velocity v F . The magnitude of Fermi velocity, | v F | ≡ p F / p 2 F + m 2 , will be taken to be unity, for we assume the quark mass m = 0.
Since we will integrate out the high frequency modes such that we will be left with excitations only near the Fermi surface at low energy, it is convenient to decompose the quark field by the Fermi velocity 1
carries the residual momentum l µ . We introduce projection operators P ± = (1 ± α · v F )/2 and define
(2.7)
In the limit l/µ → 0, ψ − ( v F , x) corresponds to the states in the Dirac sea and ψ + ( v F , x) to the states above the Dirac sea. In terms of the new fields, the QCD Lagrangian for quarks at high density becomes
, and we have used
In Eq. (2.8) the incoming quark and the outgoing quark have the same Fermi velocity v F , since, at low energy, the momentum carried away by gluons can be compensated by the residual momentum of the quarks to conserve the momentum, without changing the Fermi velocity.
As we can see from Eq. (2.8), the propagation of quarks at high density is 1+1 dimensional if l i ⊥ /µ is negligible. This dimensional reduction at high density can be also seen if we decompose the quark propagator as following:
where quark momentum p µ = µv µ +l µ and the iǫ prescription is chosen such that not only the anti-particles but also the holes correspond to the negative energy states moving backward in time. Note also that, if l i ⊥ /µ → 0, 1/2 V γ 0 = 1/2(1+ α· v F ) is the projection operator that projects out particles and holes (ψ + ), while 1/2 V γ 0 = 1/2(1 − α · v F ) projects out the states in the Dirac sea (ψ − ). Since the excitation of quarks along the perpendicular direction to the quark velocity does not cost any energy in the leading order, the perpendicular momentum is nothing but an index that labels the degeneracy in quark just as the degeneracy in the Landau level under external constant magnetic field is labeled by the electron momentum perpendicular to the external magnetic field.
At tree-level, integrating out the irrelevant modes ψ − ( v F , x) tentamounts to eliminating ψ − ( v F , x) by the equations of motion, given as
whereD =V µ D µ and D ⊥ = γ µ ⊥ D µ . Plugging Eq. (2.11) into the Lagrangian for quarks Eq. (2.8), we obtain the tree-level effective Lagrangian of QCD at high density,
(2.12)
III. ONE-LOOP MATCHING AND A FOUR-FERMI OPERATOR
As we have seen in the previous section, integrating out the irrelevant modes generates a new coupling between quarks and gluons. This can be also seen diagramatically as shown in Fig. 1 : In the leading order, the propagator of fast modes ψ − is replaced by a constant matrix
and the exchange of ψ − generates a new interaction given as, using
where the ellipsis denotes terms containing more powers of gluons and derivatives. By writing the interaction in a gauge-invariant fashion, we recover the interaction terms in Eq. (2.12).
The effect of integrating out fast modes not only generates new interactions at low energy but also gives rise to quantum corrections to the tree-level couplings which can be calculated explicitly by matching the loop amplitudes. Usually the new interactions arise at tree-level upon integrating out the fast modes, but sometimes they may arise at quantum level, especially when they are marginal, as in the low energy effective theory of QED under external (strong) magnetic field [17] .
As fermions under external fields [17, 19] , in the presence of a Fermi sea [3] the scaling dimension of fields at low energy changes due to the change in the particle spectrum; the scaling dimension of quarks becomes −1/2 instead of −3/2, the canonical scaling dimension of fermions in 3+1 dimensions. The scaling dimension of fields is determined by the kinetic term in the action, which is for quarks in dense quark matter given in the high density limit as
where l ≡ v F · l is the residual momentum parallel to the Fermi velocity. Under a scale transformation l 0 → sl 0 and l → sl with s < 1, the quark fields transform as ψ
As we scale the momentum toward the Fermi surface or we decrease s → 0, ψ + scales like free massless fermions in (1+1)-dimensions, while ψ − scales like heavy fermions in (1+1)-dimensions and becomes irrelevant at low energy. Since four-Fermi interactions are marginal for (1+1)-dimensional (light) fermions, we expect that a marginal four-quark operator will arise in the high density effective theory of QCD by quantum effects if it is absent at the tree-level. To see this, we consider one-loop matching of a four-quark amplitude for scattering of quarks with opposite Fermi velocities, shown in Fig. 2 , because only when the incoming quarks have opposite Fermi momenta the four-quark operators are marginal as we scale toward the Fermi surface [3] . Since the effective theory amplitude is ultra-violet (UV) divergent while the amplitude in full QCD is UV finite by the power counting, we need a UV counter term for the one-loop matching in the effective theory, which is nothing but a four-quark operator. The one-loop four-quark amplitude of our interest in the effective theory is, reverting the notation ψ for ψ + henceforth,
where v i 's are the Fermi velocities of incoming and outgoing particles with v
In QCD, the quark-quark scattering amplitude is
In the limit that the residual momenta l i → 0, we find I 1 = I 2 , if we rotate the q 0 axis into v F · q axis, and thus the color and Lorentz structures of the amplitudes in both theories are same. To perform the integration, we take, for convenience, the external residual momenta are perpendicular to the Fermi velocity, V · l i = 0. Then, we get for l i /µ → 0
Note that the scattering amplitude A QCD 4 is IR divergent as l i → 0, which is the same infrared divergence of the amplitude in the effective theory, Eq. (3.4), as it should be because the low energy effective theory is equivalent to the microscopic theory in the infrared limit by construction. Since both amplitudes have to be same at the matching scale Λ = µ, we need a four-quark operator in the effective theory, given by the difference of the amplitudes at the matching scale µ:
where, at the matching scale µ, the new effective four-quark operator 2 generated at one-loop is given as
In the modified minimal subtraction, the renormalized four-quark coupling is g ren
at the matching scale µ. It is convenient to rewrite the marginal four-quark operator by Fierz-transforming the product of gamma matrices and SU(3) C generators in the amplitude Eq. (3.10). Using (T a ) tu (T a ) vs = 1/2δ ts δ uv − 1/6δ tu δ vs and the Fierz transformation, we get
where i, j, l, m denote the Dirac indices and t, s, u, v the color indices. In the last line, the color indices in the operator are further arranged to decompose the amplitude into the irreducible representations of SU(3) C by introducing invariant tensors in color space, δ S uv;ts ≡ (δ ut δ vs + δ us δ vt ) / √ 2 and δ A uv;ts ≡ (δ ut δ vs − δ us δ vt ) / √ 2. The four-quark operator in the effective theory becomes then
with g us;tv = g3δ A us;tv − g 6 δ S us;tv , h us;tv = h3δ A us;tv − h 6 δ S us.s;tv . The value of couplings at the matching scale µ are given as g3 = 4 √ 2α 2 s /9 = 2g 6 /(13) and h3 = 4 √ 2α 2 s = 2h 6 .
IV. SCREENING MASS
As discussed in [12] [13] [14] 16] , the quark loop correction to the vacuum polarization tensor gives rise to color screening in quark-gluon plasma, while the gluon loop renormalizes the color charge. We first calculate the vacuum polarization tensor in QCD and then compare it with the one in the effective theory when we perform the one-loop matching for the gluon two-point amplitude.
Since the Feynman propagator for quarks of mass m in matter at zero temperature is given by
we find, performing the integration over p 0 ,
where p 0 = | p| 2 + m 2 . We see that this propagator agrees with the one obtained by the canonical quantization [13] except the overall phase factor due to the shift in the energy by µ to set the energy of the Fermi surface to be zero. In terms of this full propagator Eq. (4.1), the quark-loop contribution to the one-loop vacuum polarization tensor becomes
If we rewrite the step functions as θ(q 0 − µ) = 1 − θ(µ − q 0 ) and θ(k 0 − µ) = 1 − θ(µ − k 0 ) for the last two terms in Eq. (4.4), one can easily see that the quark-loop contribution of the vacuum polarization tensor consists of two parts, one due to the matter and the other due to the vacuum, Π µν abfull (p) = Π µν abmat (p) + Π µν abvac (p), where Π µν abvac is the quark-loop contribution when there is no matter (i.e. µ = 0),
where N f is the number of light quark flavors. For |p µ | ≪ µ, the matter part of the vacuum polarization becomes, with M 2 = N f g 2 s µ 2 /(2π 2 ),
which is transversal, p µ Π µν abmat (p) = 0 [13] . Now, we calculate the quark contribution to the one-loop vacuum polarization tensor in the effective theory. Quarks in the (high density) effective theory are almost on-shell at low energy and the quark current, which consists of states near the Fermi surface, is proportional to its velocity, V µ = (1, v F ):
where we used
Therefore, the gluons transversal to the quark velocity is decoupled at low energy and the gluons longitudinal to the quark velocity is coupled to the quark color charge density in a combination given as
Therefore, in the leading order in 1/µ expansion, the quark-gluon coupling does not involve the spin of quarks like a scalar coupling. For a given quark, moving nearly at a Fermi momentum µ v F , only one component of gluons, namely A 0 − v F · A combination, couples to the quark in the leading order.
With the quark current given in Eq. (4.7), we obtain the quark-loop contribution to the vacuum polarization in the effective theory as
where p µ = (p 0 , v F v F · p). We note that the quark-loop contribution to the vacuum polarization tensor in the effective theory is exactly same as the sum of the first and second terms in the QCD vacuum polarization, Eq. (4.4) . This is what it should be, since the effective theory does reproduce the contribution by quarks and holes in QCD when the external gluon momentum p → 0. The third and fourth terms in Eq. (4.4), due to the quark and anti-quark pair creation, is absent in the effective theory because the anti-quarks are integrated out. The effect of anti-quarks will be taken into account when we match the gluon two-point amplitudes.
To match the gluon two-point amplitudes in both theories, we therefore need to add a term in the one-loop effective Lagrangian,
which also ensures the gauge invariance of the effective Lagrangian at one-loop. The static screening mass can be read off from the vacuum polarization tensor in the limit p 0 → 0, which is in the effective theory
the electric gluons, A a 0 , have a screening mass, M, but the static magnetic gluons are not screened at one-loop due to the added term Eq. (4.11), which holds at all orders in perturbation as in the finite temperature [16, 20] .
Finally, by matching the quark two-point amplitudes, we get a one-loop low-energy (Wilsonian) effective Lagrangian density;
where the summation over v F is suppressed and the coefficients a 1 , b 1 , c 1 are dimensionless and of order α s (µ). The ellipsis denotes the irrelevant four-quark operators and terms with more external fields and derivatives.
V. RG ANALYSIS AND GAP EQUATION
As we scale further down, the effective four-quark operators will evolve together with other operators, which can be seen by further integrating out the high frequency modes, sµ < |l µ | < µ. The scale dependence of the four-quark operators has three pieces. One is from the one-loop matching condition for the four-quark amplitudes and the other two are from the loop corrections to the four-quark operators. Putting all contribution together, we find the one-loop renormalization group equations for the four-quark operators [11] to be
where i = (6,3),ḡ 6 = −g 6 ,ḡ3 = g3 and γ i = ( √ 2/9)(13/4, 1/2) and δ i = (−1, 2). Since in the high density limit the quark-gluon coupling is (1+1)-dimensional, the quarks do not contribute to the running of the strong coupling. The one-loop β function for the strong coupling constant at high density is β(α s ) = −11/(2π)α 2 s . To solve the RG equation, Eq. (5.1), we introduce a new variable
Then, the RG equations becomes
where a i = (132δ i ln 2 + 144γ i − δ 2 i )/(17424). Further, letting y i = f i (t)/(1 + t), we get
Integrating Eq. (5.4), we get
where C 1 = (1 + √ 1 − 4a i )/2 = 1 − C 2 and f i (0) = (g i (µ) + π ln 2δ i α s (µ)/6) /(22πα s (µ)). Since a i ≪ 1, we take C 1 ≃ 1, C 2 ≪ 1. And also, for µ ≫ Λ QCD , f i (0) ≃ δ i ln 2/(132) ≪ 1. Therefore, for 1 + t → 0 + or s → exp [−2π/(11α s (µ))], we getḡ i (t) + π ln 2δ i α s (t)/6 ≃ 22πC 2 α s (t). Namely,ḡ
At a scale much less than the chemical potential, Λ ≪ µ, g 6 (Λ) ≃ 0.29α s (Λ) and g3(Λ) ≃ 0.04α s (Λ). Similarly for h i , γ i = ( √ 2/2)(2, 1) and δ i = (−1, 2) and we get h 6 (Λ) = 0.81α s (Λ) and h3(Λ) ≃ 0.4α s (Λ).
At a scale below the screening mass, we further integrate out the electric gluons, which will generate four-quark interactions. For quarks moving with opposite Fermi momenta, the electric-gluon exchange four-quark interaction is given as
Using T a tu T a vs = 1/2δ ts δ uv − 1/6δ tu δ vs , we find that the four-quark couplings are shifted as g3
, while h i 's are unchanged since Eq. (5.7) does not involve γ 5 . As we approach further to the Fermi surface, closer than the screening mass M, the fourquark operators in the color anti-triplet channel become stronger, because the β function for the attractive four-quark operators is negative, β(g3) = −g 2 3 /(4π 2 ). If the four-quark interaction is dominant at low energy, it leads to vacuum instability in the infrared region by forming a color anti-triplet condensate or Cooper pair, But, since the long-range colormagnetic interactions also become strong at low energy, we need to consider both interactions to determine the Cooper-pair gap.
Since both relevant interactions are attractive for a pair of quarks in color anti-triplet channel with opposite Fermi momenta, they may lead to condensates of quark pairs in color anti-triplet channel. To describe the Cooper-pair gap equation, we introduce a charge conjugate field, (5.8) where i and j are Dirac indices and the matrix C satisfies C −1 γ µ C = −γ T µ . Then, we can write the inverse propagator for Ψ
where Z(l ) is the wave function renormalization constant and ∆(l ) is the Cooper pair gap. Schwinger-Dyson equations are infinitely coupled integral equations for Green functions. In order to solve the Schwinger-Dyson equations, we need to truncate them consistently.
Since g s (M) is still weak at high density M ≫ Λ QCD , one can use the ladder approximation which is basically the weak coupling expansion of the Schwinger-Dyson equations. For the leading order in the ladder approximation, we use a bare vertex and a bare gluon propagator, which is consistent with the Ward-Takahashi identity. Another gauge-invarinat truncation is so-called hard-density loop (HDL) resummation which can be derived gauge invariantly from the transport equation [13] as in the finite temperature [21] . When the gluon momentum is of order of the screening mass M ∼ g s µ, the quark one-loop vacuum polarization is also same order as we can see from Eq. (4.10). Therefore, if the important momentum scale of the diagrams is of order of M, one needs to re-sum all the bubble diagrams to get the consistent gluon propagator. But, it is unclear that the gluon momentum of order of M is important in the gap equation. In fact, as we will see later, the generation of gap is due to the infrared divergence in the quark propagator, and thus the loop momentum of the size of the gap is important. Since we are unable to consistently re-sum all the diagrams which are as important as tree diagrams for external momenta of the gap size, we content ourselves with the ladder approximation in the analysis.
In the ladder approximation, the Schwinger-Dyson (SD) equations for the quark propagator are given as, neglecting small h i four-Fermi couplings,
where we have used the bare gluon propagator in the Feynman gauge and the bare vertex. In the leading order in the ladder approximation, we may take Z(p ) ≃ 1.
Before solving the SD equations, we first show that the preferred solution of the SD equations supports the color-flavor locking condensate predicted in [7] .
Since the gluon interaction is vectorial, the gluon exchange interaction in the gap equation does not distinguish the handedness of quarks and thus it will generate same condensates regardless of handedness; | ψ L ψ L | = | ψ R ψ R | = | ψ L ψ R |, suppressing other quantum numbers. But, the four-Fermi interaction in the effective Lagrangian, Eq. (4.13), is chiral, which can be seen if we rewrite it in the handedness basis as following;
We see that the LL (or RR) four-Fermi coupling is bigger than the LR four-Fermi coupling, since h3 > 0. Therefore, the gap in LL or RR channel will be bigger than the one in LR channel due to the difference in the four-Fermi couplings. Thus, the LL or RR condensate is energetically more preferred than the LR condensate. We also note that in the effective theory the gluons are blind not only to flavors but also to the Dirac indices of quarks because they couple to quark currents in the combination of V · A like a scalar field, as given in Eq. (4.8). Therefore, in the SD equations, the diquark Cooper-pair can be decomposed into color anti-triplet and color sextet. But, since quarks of opposite momenta are attractive in the anti-triplet channel while repulsive in the sextet channel, without loss of generality, we can write the Cooper-pair gap in color anti-triplet. Since quarks are anti-commuting, the only possible way to form diquark (S-wave) condensate is either in spin-singlet or in spin-triplet:
where a, b, c = 1, 2, 3 are color indices, α, β, γ = 1, 2, · · · , N f flavor indices, and i, j = 1, 2 Dirac indices. Indices in the bracket and in the curled bracket are anti-symmetrized and symmetrized, respectively. But, the spin-one component of the gap, K {αβ}c , vanishes
When N f = 3, the spin-zero component of the condensate becomes (flavor) anti-triplet,
Using the global color symmetry and the flavor symmetry, one can always diagonalize the spin-zero condensate as
Therefore, the spin-zero condensate, obtained by the SD analysis, corresponds to the colorflavor locking condensate for N f = 3, predicted in [7] . In the effective theory, we find that together with the kinematical constraint by the Fermi surface, the four-Fermi interaction, generated by integrating out the anti-quarks, lifts the spin degeneracy in the color antitriplet condensate formed by the magnetic gluon exchange interaction, preferring the spin singlet, which proves that the color-flavor locking condensate is energetically preferred in QCD at high density, since the effective theory is equivalent to QCD in the high density limit.
With this in mind, we solve the gap equation, neglecting h i couplings. Since then the spin structure and the flavor structure are irrelevant, we write the gap as
where u, t = 1, 2 are color indices and we have chosen the gap to lie in the third direction in SU(3) c . Then the gap equation becomes, after Wick rotation,
where we used for the (magnetic) gluon propagator v i F D ij (p)(−v j F ) = 1/p 2 in the Feynman gauge and in the second line we integrated over l ⊥ with the UV cut-off µ. Henceforth, we will denote p = p and l = l . After differentiating Eq. (5.18) with respect to p, we integrate over the direction of l to get Multiplying by p and differentiating once again, we obtain a second order differential equations for the gap function, m(p):
pm ′′ + m ′ + r pm p 2 + m 2 = 0, (5.20) where the prime denotes differentiation with respect to p and we have defined
where α s is the fine structure constant of strong interaction. The infrared boundary conditions for the differential equation is given by Eq. As analyzed in [18] , the gap equation has a (stable) solution for any value of r, or α s (µ) at the cutoff scale, and the critical value for Cooper pair formation is zero, which is due to the fact that the excitation of quarks in the effective theory is 1+1 dimensional and the critical coupling in 1+1 dimensions is zero.
Once the existence of the nontrivial solution to the gap equation is established, one has to check whether the solution is energetically preferred, which is usually done by calculating the vacuum energy for the fermion bilinear condensate [22] . The vacuum energy in the leading order in the ladder approximation is given as (5.23) which shows that the nontrivial solution has lower energy than the trivial solution, m = 0, and the biggest gap is energetically most preferred. The size of the gap can be estimated by approximating the gap as a constant for all p , m(p ) ≃ ∆, in the gap equation Eq. (5.18), which is a good approximation because for large p the gap decreases rapidly and for small momenta, 0 ≤ p ≤ ∆(0), which dominates the integral, the gap does not change much. As p → 0, the gap equation then becomes
For ∆ 2 ≪ µ 2 , we may neglect the second term in Eq. (5.24) and get 25) which agrees with the result in [10] except the prefactor and the numerical factor in the exponent. It is quite important to accurately determine the numerical factor in the exponent, because a small error in the exponent makes a big error in the size of the gap, which is a crucial quantity determining the properties of quark matter. The discrepancy in the exponent between two analysis is less than 4%, which is acceptable, considering the approximations made in both analysis and the fact that solutions to the gap equation depend on the gauge, which directly affects the exponent about the same amount.
VI. TEMPERATURE EFFECTS AND HIGHER ORDER CORRECTIONS
When the quark matter is not very dense and not very cold, we need to study the effects of finite temperature and density by decreasing µ and increasing T . First, we add the 1/µ corrections to the gap equation Eq. (5.18) to see how the formation of Cooper pair changes. As derived in [11] , the leading 1/µ corrections to the quark-gluon interactions are
In the ladder approximation, the loop correction to the vertex is neglected and the quarkgluon vertex is shifted by the 1/µ correction as
where l i is the momentum carried away from quarks by gluons. Then, the gap equation becomes
For a constant mass approximation, m(p) ≃ ∆, the gap equation becomes, as p → 0,
Therefore, we see that, when µ < µ c ≃ e 4 ∆, the gap due to the long-range color magnetic interaction disappears. Since the phase transition for color superconducting phase is believed to be of first order [23, 24] , we may assume that the gap has the same dependence on the chemical potential µ as the leading order. Then, the critical density for the color superconducting phase transition is given by
.
Hence, for T C ≪ µ, the second term in Eq. (6.9) is negligible, compared to the first term, and we find
which shows that the critical temperature is about the same order as the gap, ∆ [4, 28] .
VII. APPLICATIONS
It is believed that the core of compact stars like neutron stars may be dense enough to form quark matter and may shed some lights on understanding QCD at high density.
The properties of compact stars can be investigated by studying the emission of weakly interacting particles like neutrinos or axions, which is the dominant cooling process of the compact stars [29, 30] . Since the emission rate depends on the couplings of those particles, it is important to understand how the interaction and the coupling of neutrinos or axions change in dense quark matter.
Neutrinos interact with quarks by the exchange of neutral currents, which is described, at low energy, as four-Fermi interaction,
where G F = 1.166 × 10 −5 GeV −2 is the Fermi constant. Again, by decomposing the quark fields as in Eq. (2.5) and integrating out ψ − modes, the four-Fermi interaction becomes
where the ellipsis denotes the higher order terms in the power expansion of 1/µ. Since the four-fermion interaction of quarks with opposite momenta gets enhanced a lot at low energy, as we have seen in the previous section (Sec. V), it may have significant corrections to the couplings of those weakly interacting particles to quarks. We first calculate the one-loop correction to the neutrino-quark four-Fermi coupling by the marginal four-quark interaction:
where v F and v ′ F are summed over and g3 is the value of the marginal four-quark coupling at the screening mass scale M. Now, in fact, because of the kinematical constraint due to the presence of the Fermi surface, only the cactus diagrams, shown in Fig. 3 , contribute to the coupling corrections, which can be summed up as
Similarly, for axions which couple to quarks as L aq = 1 2f P Q ∂ µ aΨγ µ γ 5 Ψ, (7.5) where a is the axion field and f P Q is the axion decay constant, we find the correction to the axion-quark coupling to be
Therefore, as the marginal four-quark coupling approaches 2π, the quark-neutrino and quark-axion couplings become divergent. Since at low energy g3 is quite large in dense quark matter, we argue that quark matter will produce neutrinos or axions copiously if the density of quark matter is high enough (µ ≫ Λ QCD ) such that the marginal four-quark interaction gets enhanced sufficiently.
VIII. CONCLUSION
We have studied in detail an effective field theory of QCD at high density, constructed by integrating out the anti-quarks to describe the low energy dynamics of dense quark matter. In the effective theory, the dynamics of quarks is effectively (1+1)-dimensional; the energy of quarks does not depend on the perpendicular momentum to the Fermi velocity, which just serves to label the degeneracy. At energy lower than the screening mass of electric gluons, the relevant interactions are four-Fermi interactions with opposite incoming momenta and the coupling with magnetic gluons.
Because of the dimensional reduction at high density, both four-Fermi interaction and magnetic gluon exchange interaction lead to Cooper-pair condensate of quarks in color antitriplet channel for arbitrarily weak coupling. In the ladder approximation, the gap formed by the magnetic gluon exchange interaction is much bigger than the one by four-Fermi interaction. The color-flavor locking condensate is found to be energetically more preferred for high density quark matter with three light flavors, because the color-flavor locking gap is bigger than the spin one gap, if we include the four-Fermi interactions. Further, including the 1/µ corrections and the temperature effects, the critical density and the critical temperature for color superconducting phase are estimated by solving the gap equation in ladder approximation.
Finally, we have calculated the corrections to the quark-neutrino four-Fermi interaction and to the quark-axion coupling in dense quark matter due to the marginal four-quark interaction. And we found the correction is quite significant and thus dense quark matter will copiously produce neutrinos and axions. 
